INTRODUCTION
The qualitative behavior of the solutions of functional differential equations both of retarded and neutral type is extremely difficult. During the last few years, considerable progress has been made. Oliva [l] has begun a global theory for retarded functional differential equations on a compact manifold and has proved that the set of retarded functional differential equations for which the critical points are elementary is open and dense. Some inconclusive results on the corresponding results for periodic orbits have been obtained, the major stumbling block centering around the local behavior of solutions near a periodic orbit. These efforts certainly indicate that we need to improve our technique for obtaining the qualitative behavior of solutions near invariant sets.
Over the past few years, techniques have been developed to determine in a systematic way the local behavior near constant solutions. Local integral manifolds play a very important role in this development (see as they have also for ordinary differential equations. It is the purpose of this paper to indicate a few more applications of these methods to some problems in bifurcation in the spirit of Sotomayor [7] and to a growth model of Cooke and Yorke [8] . It is also shown how to prove a theorem on stability under constantly acting disturbances using these methods.
Due to the fact that many of the papers referenced above deal with a specific prohlem and the technique of integral manifolds is quite technical, we have included here a rather general presentation of the method as well as one general result on the existence of a local integral manifold. This presentation follows closely the one given in [9] with a few additional comments taking into account later developments.
In a later paper, the technique will be extended to treat periodic orbits.
NOTATION
Suppose r 3 0 is a given real number, En is an n-dimensional linear vector space with norm 1 . 
and designate it by NFDE(D, f ). F or any v E Q, a solution x(p) of (1) through v is a continuous function x: [-r, A) --f En for some A > 0 such that xtb,) 6 -Q, t E P, 4, x,,(v) = v, D(xJ is continuously differentiable on [0, A) and satisfies (1) on [0, A). For the purposes of this paper, we assume all solutions remain in a for all t > 0 for each NFDE(D,f) in L$ x Pk. If Sz = C, this will always be the case. If Q is a bounded set, then one must either restrict the class off E F which are considered or consider the solution only as long as it remains in Q. These are technicalities that will not be considered here.
It is clear that the NFDE(D, f) and NFDE(D, , fi),
have the same set of solutions. Therefore, without any loss in generality we may assume always in the following that
where g E 9 is nonatomic at 0. and also T,,,(t)p, has derivatives up through order k in D, f, rp (see [lo] ). By a linear neutral functional d$terential equation, we mean a NFDE(D, L) with (D, L) E 649 x a. In this case, the family of operators {T,,,(t), t > 0} forms a strongly continuous semigroup of linear operators on C with infinitesimal generator AT(~) = +(e), -r < 0 < 0, with 9(A) = {'p E C : + E C, 
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where T;,,(t) is completely continuous for t 3 0.
The characteristic values of a linear NFDE(D,L) are defined to be the roots h of the characteristic equation
where I is the n x n identity matrix. A very important result of Henry [13] is the following In particular, if r,(t) = exp(a,t) is the spectral radius of To,,(t) / C, , then a, = sup(Re X: det D(eA'I) = 0}
;f this set is not empty and a, = --co otherwise.
If D E 9 is atomic at zero, the operator D is said to be stable [14] if a, < 0. Note that Dq = ~(0) is always stable since a, = -co. Since exp(a,t) is the spectral radius for T,,,(t) / CD , for any a > a, , there is a constant K = K(a) such that I Tdt)g, I G Keat Iv I7 t>o, PECD.
Consequently, if D is stable, we can choose a with a, < a < 0 and see that stable D operators are precisely those for which the solutions of the homogeneous functional equation Dx, = 0 approach zero exponentially. Also, if D is stable we may always change the norm in C so that Kin (4) is one. In this new norm, relation (2) implies that T,,,(t) is the sum of a contraction operator and a completely continuous operator. For the implications of this latter remark to a global theory of dissipative processes, see [15, 161 . This remark also implies that any bounded orbit of a NFDE(D,f) with a stable D satisfies the property that Y+(P) gf UD,, T&t)p) is precompact if r+(v) is bounded. Thus, r+(y) has a nonempty compact connected invariant w-limit set [14] . Using either the integral representation of the projection operators ai(D, L, a) or arguments similar to the ones in [4] (see [9] ), one can prove the following lemma. 
LOCAL INTEGRAL MANIFOLDS
With these preliminaries, we may now begin to make some very specific statements concerning the behavior of solutions of a NFDE near an equilibrium point. 
From the variation of constants formula [ll, p. 131, a function x is a solution of (7) Using these observations in (9), we have that (9) is equivalent to the equations
it = %dt) zo + It T&t -4 X&$,(x,) ds, t 2 0.
0
One can now apply the same reasoning as in [3] and [18] to obtain the following principal result. and is, thus, described by elements from the range of the unperturbed linear operator n(D, L, a).
Similarly, if u(t) = Do(t) then a solution x on MD,, satisfies
and v(t) is continuously differentiable and satisfies (14) The argument above shows that the manifold can be described by elements from z-(D, L, a)C but the differential equation for w(t), even the linear part appears to depend upon D. However, this is actually not the case, because for f = f = L, one has Eq. (14) is simply ti(t) = PlB~*Jw(t) and r-lB~,~r represents simply the manner in which the basis vectors for rr(D, L, a)C are transformed by T,,,(t).
By expending some more effort, one can obtain the integral manifold MD,f in a completely different manner and, at the same time, have a more constructive approach to the differential equations describing the flow on the manifold (see [5, 61) . This latter approach also allows one to generalize our perturbation theory to equations of the type WWW -GWI = f (4 + W), (15) where both F and G are small in the Ck-topology in a neighborhood of q~ = 0. The function G need not be linear, but should not depend on ~(0) in the following sense: For any a E En and any sequence P)~ E Q, v,(O) = a, 71 = 1, 2,..., which converges to v E Q uniformly on compact subsets of [-r, 0), the limit G(p,) exists as n -+ co and lim,,, G,(v) = v. We neither state precisely nor prove the result analogous to Theorem 1, but the precise statement is fairly simple and the proof is essentially contained in [5] .
The Proof. These results are essentially proved in [3] and [5] . Remark 1. For differential equations in Banach spaces without delays, an analog of property (c) in Corollary 1 has been given by Lykova [I91 for much more general systems. Remark 2. If the zero solution of a NFDE(D, F) is stable and an attractor (i.e., asymptotically stable), then it is uniformly asymptotically stable. The proof of this fact was communicated to the author by Lopes. Suppose the assertion is not true. Then there exist a 8 > 0, a sequence of real numbers {tj} + cc as j + co and a sequence {y$} C C such that vi + 0 as j -+ CO and 1 xt,(vj)l > 6 for all j. The set H = (0, vi , ~a ,...} is compact. Stability implies there exists a 6' > 0 such that j xi(q)1 < 6 for t > 0 if / F 1 < 6'.
For any IJI C H, there is a t(p)) such that / x,(,)(v)l < S/2 and by continuity a neighborhood O(v) such that 1 xtc,,(#)l < 6' for all I/ E O(v). Consequently, ) ZQ(#)~ < 6 for t 3 t(y) if # E O(p). Compactness of H implies there is a t* such that 1 x1(v)\ < 6 if t 3 t*, v E H. This is a contradiction. Note that this
proof is valid for any dynamical system.
STABILITY UNDER CONSTANTLY ACTING DISTURBANCES
We use the previous results to deduce some consequences of stability.
DEFINITION.
Suppose x = 0 is a solution of the NFDE (D,f) . The solution 3~' = 0 is said to be stable under constantly acting disturbances if there is an ri > 0 such that for any E, 0 < 6 < ri and any r, , E < r2 < rl, there is a 6 > 0 such that for any p E C, 0 < 1 p 1 < r2, there is a t, > 0 such that the solution x(p)) through 9) of the NFDE(D,f) satisfies I xt(v)l < E for t > t, provided /I D -all + Ilf-JII < 6.
Remark. For retarded functional differential equations, one can prove that t, can be chosen independent of v (see [15] ). Let p be the number of roots with zero real parts and let I', W, U,,, be the neighborhoods of Theorem 1. In the following, when other neighborhoods are chosen, they will automatically be assumed to be contained in these neighborhoods.
From the hypothesis of asymptotic stability, we know (Corollary (1~)) the solution u = 0 of the ordinary differential equation (1 l)b,~ is asymptotically stable. Consequently, it is stable under constantly acting disturbances. From the fact that the functions in (1 I)~,J are smooth in s, j, there is an r,' > 0 such that for any E', 0 < E' < rl' and any r2', E' < ra' < rl', there are a 6' > 0 and a t,' > 0, such that, for any E E E*, 0 < j f I < r2', the solution u(t, 5) of (11)~~ through 5 satisfies I u(t, 01 < E' for t 3 Since Mn,r is relatively compact and the solution of the NFDE(iI, f) depend continuously upon the initial data as well as (D, f), there is a v > 0, p > 0 and 6" > 0 such that CJI E V, implies the solution xt = ~~(9,) of NFDE(D,f) belongs to V, for 0 < t < t,' and xtO, is in the E' neighborhood V$ of MD,rn B,, provided 11 D -Dli + Ilf-fll < 6". We may always assume to' is such that K exp( -at,,') < 4, where K, 01 are given in Theorem 1. Then relation (12) implies xt E V', and, thus, there is a constant V' such that v E V, implies xt E V,, for all t > 0 and xjCt I E V: for k = 1, 2 ,... . But, every bounded orbit of the &FDE(D, f) belongs to a compact set (see [14] ) and thus has a nonempty w-limit set. Since xt E V,, for t > 0, this implies the w-limit set must be on MD, T. But, if this is the case, the invariance of the w-limit set and the fact that (1 ])a,? is stable under constantly acting disturbances implies this w-limit set must be in B,, n MD,?. Thus, for each 7 > 0, v E v, , there is a t, > 0 such that zctO E VE,+v for t > t, . has its w-limit set in MD*?.
BIFURCATION
As an application of the previous results, let us consider a bifurcation problem. Suppose D is stable and the linear NFDE(D,L) has two purely imaginary characteristic roots and the remaining ones have negative real parts <a < 0. Then there is a neighborhood U,., in 58 x 9 of (D, L) --such that each (D, L) E U,,, has exactly two characteristic roots with real --parts >a. Designate the real parts of these two roots by r(D, L). We can now state the following result. Proof. This is a direct application of Theorem 1 for p = 2, the implicit function theorem, Corollary (lc), the fact that asymptotic stability implies stability under constantly acting disturbances and the Poincare-Bendixson theorem.
One can actually say much more about this problem. The PoincareBendixson theorem applied to the second order ordinary differential equation (11)~. r implies that each solution on MD, 7 n V for every (D, f) E U,,, must either be the isolated equilibrium point, a periodic orbit or a spiral which goes to a periodic orbit or equilibrium point. Corollary 2 implies the w-limit set of trajectories starting in V must, therefore, be the union of sets consisting of orbits of the above simple type.
If one assumes more differentiability (k > 2), then one can impose a stronger condition than stability and obtain results similar to Sotomayor [7] .
Let us mention a specific manner in which one can obtain sufficient conditions to ensure that the solution x = 0 is asymptotically stable under the hypotheses of Theorem 3 on the characteristic roots. To do this, we summarize some results obtained in [5] and [6] . Estimates for the size of these terms are given in [5] and [6] .
Under the assumption that p = 2 and the eigenvalues on the imaginary axis are not real, the matrix B may be assumed to be of the form
Introducing polar coordinates ur = r sin 00, us = r cos 00, we obtain 4 = 1 + (l/ra)(F, cos 00 + F2 sin ue), With this lemma, we can strengthen the results of Theorem 3 if we assume b,,, < 0. To obtain b,,, in the above manner, we did not need the analyticity of F, but only f E Fk, k 3 3. Assume this. Then there is a neighborhood Ub., of (D,f) such that for any (B,f) E Uh,, one can obtain the equations corresponding to (18) in the form
where B = B~,J , E =3'(O) and J? is an appropriate function. We know Eq. (19) has a unique equilibrium point aB.7. Now using polar coordinates around ab.7, one obtains a scalar equation of the form we = mq + e,(e) + e3(e) + b(e, ~1.
Using averaging techniques, one can reduce this equation by appropriate transformations of variables to
--where 6r = r(D,L), L = f'(O), 6a < 0 and h(z, 0) = o(z") as z -+ 0. Furthermore, any solution of this equation which is 240 periodic in 6 corresponds to a periodic orbit of (19).
Using the estimates on the difference m~,~(@,,,u) -@neLu in [5] and [6] , and arguments similar to ones in proof of stability under constantly acting disturbances, one arrives at the following improvement of Theorem 3:
--(i) r(D, L) < 0 implies olDs7 asymptotically stable --(ii) r(D, L) > 0 implies OIB,~ is unstable and there is a unique orbitally stable periodic orbit of NFDE(q f) in V.
Let us give another illustration of how these results can be used for a problem in growth processes which Cooke and Yorke [8] were unable to draw conclusions. Suppose 9 = {g: (-co, co) -+ [0, co), g(x) = 0, x < 0, g(x) = 0, x > 1, g(x) > 0, 0 < x < 1, and g has continuous derivatives up through order three}. For a norm on functions in g, use the supremum over the absolute values of the derivative up through order three. Suppose L, , L, are positive constants and consider the equation
This equation has a first integral given by We know from Theorem 1 that we can find an asymptotically stable three dimensional local integral manifold M, in a neighborhood V of &, for any differential equation
provided g E 9 is sufficiently close to g. Furthermore, each of these local integral manifolds has the property that y E n/r, n {G = c} implies xt(v, g) E Mg n {G = c} for all t > 0. Also, one can assume there is a unique equilibrium point ps of (24) on {c = c} n V and there are only three roots of the equation
with real parts >a, one is zero and the other two are complex. Let r(g) be the real parts of the complex ones.
Reasoning exactly as before, one sees that (i) y(g) < 0 implies pe is stable and asymptotically stable relative to {C = c}.
(ii) r( 8) > 0 implies /3, is unstable and there is a nonconstant periodic orbit of (24).
To obtain more information, one must generalize the remarks above about the case of only two purely imaginary roots and no zero roots. The extra zero root in this case gives no trouble because of the first integral. (ii) Y(C) > 0 implies & is unstable and there is a nonconstant orbitally stable periodic orbit of (24), the stability being relative to the set {v: c(v) = c}.
The condition 6, < 0 puts a condition on the third derivative of the function g at the equilibrium point &, . To investigate the other condition on the characteristic values of (23), we must consider the roots of the equation 
It is shown in [8] that h = 0 is the only real root for a < 0. Furthermore, as a + 0 the roots other than the one that approaches h = 0 have real parts approaching -co. There are negative values of a for which equation (26) has two purely immaginary roots given by
where m is a nonzero integer. Let a, be the maximum of these values of a. F or a = a, , the remaining roots, except for X = 0, have negative real parts.
Consequently,
if g'@J = a, , we have the conditions on the characteristic roots satisfied. If, in addition, b, < 0, then there are functions g close to g which have a stable periodic orbit.
Let us now consider the analogue of the saddle-node in the spirit of Sotomayor [7] . From Theorem 1, we know the existence of a local integral manifold for every (Qf) 6 UDJ, and we can further assume U,,, is such that the ordinary differential equation specifying the behavior on the manifold corresponding to (D,f) satisfies where PI(u) = o(u") as u -+ 0, yd,f > 0. Now using arguments similar to the ones before, we can prove the following theorem. (ii) va,? = 0 implies there is one equilibrium point which is unstable.
(iii) ~b.7 < 0 pl im ies there are two equilibrium points, one asymptotically stable and the other a saddle point.
